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Abstract
In this paper we develop the frame-like gauge invariant formulation for the massive two-column bosonic 
fields in (anti) de Sitter space-times. We begin with the partially massless cases in AdS and dS and then we 
combine these results into the general massive theory. Separate section is devoted to the special case where 
both columns have equal number of indices.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
0. Introduction
Two-column fields (tensors with two groups of completely anti-symmetric indices) are the 
special and interesting case of the general mixed symmetry fields that naturally arise in space-
time dimensions greater than four. One of the reason for this interest is that such fields (in the 
appropriate dimensions) can be considered as the dual forms of the usual spin-2 graviton (see 
e.g. [1,2] and references therein). In the frame-like formalism the general massless mixed sym-
metry fields (including two-column ones) in the flat Minkowski space have been constructed 
in [3]. One of the specific features of the massless mixed symmetry fields is that most of them 
do not admit straightforward deformation into (anti) de Sitter space and to keep all the gauge 
symmetries one has to introduce some additional fields [4] (see also [5,6]). Thus the irreducible 
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massless fields we will always assume massless fields in the Minkowski space while all other 
cases that become reducible in the flat limit we will call partially massless or massive. Partially 
massless two-column fields in AdS space have been constructed in [7] as the special case of the 
general formalism in [8–10]. Note that approaches of [3] and [7] are quite different. In the first 
one to describe two-column fields Y(k, l), k > l, one introduces physical k-form with l anti-
symmetric local indices ea[l] and auxiliary l-form with k local ones ωa[k]. At the same time in 
the second approach both physical and auxiliary fields are l-forms with k and k + 1 local indices 
correspondingly. Let us stress that the second approach keeps only half of the gauge symmetries 
that massless two-column fields possess in the flat case and in what follows we will see that the 
results of [7] can be reproduced by the partial gauge fixing.
In the metric-like formalism the general massive two-column fields in the (A)dS spaces with 
all possible (partially) massless limits have been constructed in [11] using so-called multi-forms 
(see e.g. [12] and references therein).1 Our aim here is to reconstruct the results of [11] in the 
frame-like gauge invariant formalism following the approach of [3]. As it could be expected the 
results of [11] appeared to be quite similar to the results for the simplest “hook” and “window” 
cases [20]. So to simplify calculations we begin with the partially massless cases in de Sitter and 
anti de Sitter spaces and than we combine them into the general massive one.
Our main objection here is that the frame-like formalism seemed to be not only much simpler 
but also very effective in the investigations of possible interactions. Till now the results on the 
mixed symmetry fields interactions are not numerous. There was a number of “no-go” results 
(e.g. [21–23]). In [24] cubic interactions for the system containing not only completely symmet-
ric fields but also the “long hook” ones in AdS5 have been constructed. Gravitational interactions 
for the simple hook both in Minkowski and in AdS space were considered in [25], while a com-
plete non-trivial theory for the set of “high hooks” has been constructed in [26]. For the massive 
hook electromagnetic and gravitational interactions have been considered in [27,28].
The paper is organized as follows. In the first section we provide all necessary formulas for the 
frame-like description of massless two-column fields in Minkowski space following [3]. Then 
in sections 2 and 3 we consider partially massless cases in anti de Sitter and de Sitter spaces 
combining them in section 4 into general massive theory. Section 5 devoted to the special case 
Y(k, k) where both columns have equal number of cells.
Notation and conventions We will work in the (anti) de Sitter space with the background frame 
ea and its inverse eˆa . We will heavily use short-hand notation for their wedge products:
Ea(k) = ea1 ∧ ea2 ∧ . . . ∧ eak
Eˆa(k) = eˆa1 ∧ eˆa2 ∧ . . . ∧ eˆak
A couple of useful relations:
Eˆa(k) ∧ eb = δabEˆa(k−1)
Eˆa(k) ∧ ea = (d − k + 1)Eˆa(k−1)
1 BRST approach for the general massive mixed symmetry fields has been developed in [13,14] (see also [15,16] for 
the two-column case), while frame-like gauge invariant description for the massive two-raw fields were given in [17,18]. 
Weyl actions and their possible AdS and massive deformations for the two-column fields have been considered recently 
in [19].
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D ∧ Dξa = −κEabξb
In what follows we will systematically omit the wedge product sign ∧.
1. Massless fields in the Minkowski space
As we have already noted, massless fields in the Minkowski space play the role of minimal 
building blocks for the construction of general partially massless and massive fields in (A)dS
spaces with arbitrary value of the cosmological constant. So in this section we give all necessary 
formulas for the massless two-column fields. We will follow the approach of Skvortsov [3] but 
we will use an anti-symmetric basis which is natural for the two-column fields.
1.1. General case Y(k, l), k > l
Frame-like description requires physical k-form Ra(l)k as well as auxiliary l-form 
a(k+1)
l . 
The free Lagrangian can be written as follows:
L0(k+1l ,Rlk) = a0(k, l)Eˆa(2l)a(l)b(k−l+1)l a(l)l b(k−l+1) + Eˆa(k+l+1)a(k+1)l dRa(l)k (1)
a0(k, l) = (−1)k−l (k + 1)!2l!
where d is a usual external derivative. This Lagrangian is invariant under the following local 
gauge transformations:
δ0
a(k+1)
l = dηa(k+1)l−1 , δ0Ra(l)k = dξa(l)k−1 + Eb(k−l+1)ηa(l)b(k−l+1)l−1 (2)
where ξa(l)k−1 is a (k − 1)-form, while ηa(k+1)l−1 is a (l − 1)-form.
Note that such massless field does not admit deformation into (A)dS space without introduc-
tion of some additional fields (see below). In this particular case (see general discussion in [4]) the 
reason is simple: we can not add to the Lagrangian any term quadratic in the physical field Ra(l)k .
1.2. Special case Y(k, k)
In this case both physical field Ra(k)k as well as auxiliary one 
a(k+1)
k are k-forms. The free 
Lagrangian looks like (it corresponds to (1) for l = k):
L0(k+1k ,Rkk ) =
(k + 1)
2
Eˆa(2k)
a(k)b
k 
a(k)
k b + Eˆa(2k+1)a(k+1)k dRa(k)k (3)
and is invariant under the following gauge transformations:
δ0
a(k+1)
k = dηa(k+1)k−1 , δ0Ra(k)k = dξa(k)k−1 + ebηa(k)bk−1 (4)
where both gauge parameters are (k − 1)-forms.
One of the reasons why this case is indeed special is that this massless field admits deforma-
tion into AdS space without introduction of any additional fields. Let us consider the following 
deformed Lagrangian:
L0 = (k + 1) Eˆa(2k)a(k)bk a(k)k b + Eˆa(2k+1)a(k+1)k DRa(k)k + b1Eˆ2kRa(k)k Ra(k)k (5)2
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δ0
a(k+1)
k = Dηa(k+1)k−1 + β1eaξa(k)k−1 , δ0Ra(k)k = Dξa(k)k−1 + ebηa(k)bk−1 (6)
Variations under the η transformations give
δηL0 = k[(k + 1)(d − 2k)κ − 2b1]Eˆa(2k−1)ηa(k)bk−1 Ra(k−1)k b
while variations under the ξ transformations give
δξL0 = [(−1)k2b1 − (k + 1)(d − 2k)β1]Eˆa(2k)Ra(k)k Dξa(k)k−1
+ k(k + 1)(d − 2k)[(−1)kκ − β1]Eˆa(2k−1)a(k)k bξa(k−1)bk−1
Thus we obtain
2b1 = (k + 1)(d − 2k)κ, β1 = (−1)kκ (7)
2. Partially massless case in anti de Sitter space
In this section we will show that the combination of two fields Y(k, l) and Y(k − 1, l) can be 
deformed into anti de Sitter space with κ < 0 and such deformation keep all four (appropriately 
modified) gauge symmetries. Note that this case have already been considered in our paper [25], 
so we briefly reproduce corresponding results in our current notation and conventions because 
we will need them for the general massive case.
2.1. Lagrangian and gauge transformations
We introduce two pairs of physical and auxiliary fields (k+1l , Rlk) and (ωkl , hlk−1). We begin 
with the sum of their kinetic terms:
L0 = L0(k+1l ,Rkl ) +L0(ωkl , hlk−1) (8)
and their initial gauge transformations:
δ0
a(k+1)
l = Dηa(k+1)l−1 , δ0Ra(l)k = Dξa(l)k−1 + Eb(k−l+1)ηa(l)b(k−l+1)l−1
δ0ω
a(k)
l = Dηa(k)l−1 , δ0ha(l)k−1 = Dξa(l)k−2 + Eb(k−l)ηa(l)b(k−l)l−1 (9)
where all derivatives are AdS covariant ones. Then we add all possible terms with one derivative:
L1 = a3Eˆa(k+l−1)a(k)l bha(l−1)bk−1 + a4Eˆa(k+l)ωa(k)l Ra(l)k (10)
and corresponding corrections to the gauge transformations
δ1
a(k+1)
l = α5eaηa(k)l−1 , δ1Ra(l)k = α6eaebξa(l−1)bk−2
δ1ω
a(k)
l = α7ebηa(k)bl−1 , δ1ha(l)k−1 = α8ξa(l)k−1 (11)
To cancel all variations with one derivative δ0L1 + δ1L0 (see Appendix A for details) we have to 
put:
α5 = −α6 = − (−1)
la4
(k + 1)(d − k − l) , α7 = (−1)
k−la4, α8 = −a4, a3 = (−1)l la4
(12)
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added to the Lagrangian. But all variations without derivatives δ1L1 vanish provided
a4
2 = −(k + 1)(d − k − l)κ (13)
2.2. Gauge invariant curvatures
One of the nice features of the frame-like formalism is that for each field (physical or auxil-
iary) one can construct gauge invariant object (that we will call curvature). It is clear that in any 
gauge theory such gauge invariant objects play important role both in the free theory as well as 
in any attempt to construct non-trivial interactions.
For the case at hands we can construct four such gauge invariant curvatures2:
Ra(k+1)l+1 = Da(k+1)l + α5eaωa(k)l
T a(l)k+1 = DRa(k+1)k + (−1)k−lEb(k−l+1)a(l)b(k−l+1)l − α6eaebha(l−1)bk−1
Ra(k)l+1 = Dωa(k)l + α7eba(k)bl (14)
T a(l)k = Dha(l)k−1 − (−1)k−lEb(k−l)ωa(l)b(k−l)l − α8Ra(l)k
These curvatures satisfy the following differential identities:
DRa(k+1)l+1 = −α5eaRa(k)l
DT a(l)k+1 = −Eb(k−l+1)Ra(l)b(k−l+1)l+1 − α6eaebT a(l−1)bk−1
DRa(l)k+1 = −α7ebRa(k)bl+1
DT a(l)k = −Eb(k−l)Ra(l)b(k−l)l+1 − α8T a(l)k+1
Using these curvatures one can rewrite the free Lagrangian in the explicitly gauge invariant form:
L= Eˆa(2l+2)[b1Ra(l+1)l+1 b(k−l)Ra(l+1)b(k−l)l+1 + b2Ra(l+1)l+1 b(k−l−1)Ra(l+1)b(k−l−1)l+1 ]
+ b3Eˆa(k+l+1)Ra(k+1)l+1 T a(l)k (15)
where
[ (d − k − l − 1)
(k + 1)(d − k − l)b1 + b2] = −
a0(k, l)
(l + 1)2a42 , b3 = −
(−1)l
a4
Here we face an ambiguity in the choice of coefficients b1,2,3. It is related with the following 
identity:
0 = Eˆa(2l+3)D[Ra(l+2)b(k−l−1)l+1 Ra(l+1)b(k−l−1)l+1 ]
= −(−1)l(l + 2)a4Eˆa(2l+2)[Ra(l+1)b(k−l)l+1 Ra(l+1)b(k−l)l+1
− (d − k − l − 1)
(k + 1)(d − k − l)R
a(l+1)b(k−l−1)
l+1 Ra(l+1)b(k−l−1)l+1 ]
where we have used the differential identities given above.
2 These expressions can be easily read out from the ones for gauge transformations. Of course, after that one has to 
check (as we have done) that the resulting curvatures are indeed gauge invariant.
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Relatively large number of components and corresponding curvatures make investigations of 
possible interactions for such fields rather involved. To simplify these investigations one can try 
to use partial gauge fixing.3 In the case at hands we use ξa(l)k−1 transformations and put ha(l) = 0. 
Then the on-shell constraint T a(l)k ≈ 0 (which is algebraic in this gauge) can be solved and gives:
R
a(l)
k =
(−1)k−l
a4
Eb(k−l)ωa(l)b(k−l)l
Taking into account that the field ωa(k) will play the role of physical (and not auxiliary) field 
now, we make a re-scaling:
ωa(k) ⇒ (−1)k−la4ωa(k)
After that the free Lagrangian takes the form:
L= (−1)
k−l (l + 1)
2
Eˆa(2l)
a(l)
l b(k−l+1)
a(l)b(k−l+1)
l + Eˆa(2l+1)a(l+1)l b(k−l)Dωa(l)b(k−l)l
− (−1)
k−l (l + 1)(d − k − l)
2
κEˆa(2l)ω
a(l)
l b(k−l)ω
a(l)b(k−l)
l (16)
This Lagrangian is still invariant under the remaining gauge transformations:
δ0
a(k+1)
l = Dηa(k+1)l−1 + (−1)kκeaηa(k)l−1
δ0ω
a(k)
l = Dηa(k)l−1 + ebηa(k)bl−1 (17)
Such a procedure leaves us with just two gauge invariant curvatures:
Ra(k+1)l+1 = Da(k+1)l + (−1)kκeaωa(k)l
T a(k)l+1 = Dωa(k)l + eba(k)bl (18)
Using these curvatures the Lagrangian can be written as follows:
L= Eˆa(2l+2)[c1Ra(l+1)b(k−l)l+1 Ra(l+1)b(k−l)l+1 + c2T a(l+1)b(k−l−1)l+1 T a(l+1)b(k−l−1)l+1 ] (19)
where
[c2 − (d − k − l − 1)κc1] = (−1)
k−l
2(l + 1)
Once again we face the ambiguity in the choice of the parameters. This time it is related with the 
identity:
Eˆa(2l+2)[Ra(l+1)b(k−l)Ra(l+1)b(k−l) + (d − k − l − 1)κT a(l+1)b(k−l−1)T a(l+1)b(k−l−1)]
= 0
Note that up to some difference in notation and conventions all the results in this subsection are 
in agreement with the results in [7].
3 Of course, one can not be sure that these two procedures, namely switching on an interaction and partial gauge fixing, 
commute. For the simplest example of mixed symmetry field Y (2, 1) (the so-called hook) it was shown in [25] that it is 
indeed the case.
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In this section we will show that a combination of two fields Y(k, l) and Y(k, l − 1) can 
be deformed into de Sitter space with κ > 0. Moreover, such deformation will keep all four 
(appropriately modified) gauge symmetries of these two fields.
3.1. Lagrangian and gauge transformations
Thus we introduce two pairs of physical and auxiliary fields: (lk+1, Rkl) and (
k+1l−1 , kl−1). 
We begin our construction with the sum of their kinetic terms:
L0 = L0(k+1l ,Rlk) +L0(
k+1l−1 ,l−1k ) (20)
as well as their initial gauge transformations:
δ0
a(k+1)
l = Dηa(k+1)l−1 , δ0Ra(l)k = Dξa(l)k−1 + Eb(k−l+1)ηa(l)b(k−l+1)l−1
δ0

a(k+1)
l−1 = Dηa(k+1)l−2 , δ0a(l−1)k = Dξa(l−1)k−1 + Eb(k−l+2)ηa(l−1)b(k−l+2)l−2 (21)
where all derivatives are replaced by the dS covariant ones.
Now we add all possible terms with one derivative:
L1 = a1Eˆa(k+l)a(k+1)l a(l−1)k + a2Eˆa(k+l−1)
a(k)l−1 bRa(l−1)bk (22)
and corresponding corrections to the gauge transformations:
δ1
a(k+1)
l = α1eaebηa(k)bl−2 , δ1Ra(l)k = α2eaξa(l−1)k−1
δ1

a(k+1)
l−1 = α3ηa(k+1)l−1 , δ1a(l−1)k = α4ebξa(l−1)bk−1 (23)
Then all variations with one derivative δ0L1 + δ1L0 (see Appendix B for details) cancel provided 
we set
α1 = α2 = − (−1)
k−la1
l(d − k − l) , α3 = (−1)
la1, α4 = (−1)ka1, a2 = (−1)l(k+1)a1 (24)
As we have already noted, there are no possible terms quadratic in the physical fields R and 
that can be added to the Lagrangian. Nonetheless all variations without derivatives δ1L1 indeed 
cancel if we put
a1
2 = l(d − k − l)κ (25)
3.2. Gauge invariant curvatures
In this case we also obtain four gauge invariant curvatures:
Ra(k+1)l+1 = Da(k+1)l − α1eaeb
a(k)bl−1
T a(l)k+1 = DRa(l)k + (−1)k−lEb(k−l+1)a(l)b(k−l+1)l + α2eaa(l−1)k
Ra(k+1)l = D
a(k+1)l−1 − α3a(k+1)l (26)
T a(l−1) = Da(l−1) − (−1)k−lEb(k−l+2)
a(l−1)b(k−l+2) + α4ebRa(l−1)bk+1 k l−1 k
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ential identities:
DRa(k+1)l+1 = −α1eaebRa(k)bl
DT a(l)k+1 = −Eb(k−l+1)Ra(l)b(k−l+1)l+1 − α2eaT a(l−1)l+1
DRa(k+1)l = −α3Ra(k+1)l+1
DT a(l−1)l+1 = −Eb(k−l+2)Ra(l−1)b(k−l+2)l − α4ebT a(l−1)bk+1
Using these curvatures one can rewrite the free Lagrangian in the explicitly gauge invariant form:
L= b1Eˆa(2l+2)Ra(l+1)l+1 b(k−l)Ra(l+1)b(k−l)l+1 + b2Eˆa(2l)Ra(l)l b(k−l+1)Ra(l)b(k−l+1)l
+ b3Eˆa(k+l+1)Ra(k+1)l T a(l)k+1 (27)
where
[ (l + 1)
2(d − k − l − 1)
l(d − k − l) b1 − b2] =
a0(k, l)
a12
, b3 = − (−1)
l
a1
One can see that there is an ambiguity in the choice of the coefficients b1,2,3. This ambiguity is 
related with the fact that the three terms in the Lagrangian are not independent. Indeed, using the 
differential identities given above, one can show that:
0 = Eˆa(2l+2)D[Ra(l+1)l+1 b(k−l)Rl a(l+1)b(k−l)]
= −a1[ (l + 1)
2(d − k − l − 1)
l(d − k − l) Eˆa(2l)R
a(l)
l b(k−l+1)Ra(l)b(k−l+1)l
+ Eˆa(2l+2)Ra(l+1)l+1 b(k−l)Ra(l+1)b(k−l)l+1 ]
4. General massive case
In this section we consider general massive case for Y(k, l). By analogy with the simple 
examples considered previously [20], we will use four massless fields Y(k, l), Y(k, l − 1),
Y(k − 1, l) and Y(k − 1, l − 1).
4.1. Lagrangian and gauge transformations
Thus we introduce four pairs of physical and auxiliary fields: (Rkl, lk+1), (hk−1l , ωlk), 
(k
l−1, 
l−1k+1), (Bk−1l−1, Cl−1k). We begin with the sum of their kinetic terms:
L0 = L0(k+1l ,Rkl ) +L0(
k+1l−1 ,l−1k ) +L0(ωkl , hlk−1) +L0(Ckl−1,Bl−1k−1) (28)
as well as their initial gauge transformations:
δ0
a(k+1)
l = Dηa(k+1)l−1 , δ0Ra(l)k = Dξa(l)k−1 + Eb(k−l+1)ηa(l)b(k−l+1)l−1
δ0

a(k+1)
l−1 = Dηa(k+1)l−2 , δ0a(l−1)k = Dξa(l−1)k−1 + Eb(k−l+2)ηa(l−1)b(k−l+2)l−2
δ0ω
a(k)
l = Dηa(k)l−1 , δ0ha(l)k−1 = Dξa(l)k−2 + Eb(k−l)ηa(l)b(k−l)l−1 (29)
δ0C
a(k)
l−1 = Dηa(k)l−2 , δ0Ba(l−1)k−1 = Dξa(l−1)k−2 + Eb(k−l+1)ηa(l−1)b(k−l+1)l−2
where all derivatives are (A)dS covariant now.
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compatible with the results in the two previous sections):
L1 = a1Eˆa(k+l)a(k+1)l a(l−1)k + a2Eˆa(k+l−1)
a(k)bl−1 Ra(l−1)bk
+ a3Eˆa(k+l−1)a(k)bl ha(l−1)bk−1 + a4Eˆa(k+l)ωa(k)l Ra(l)k
+ a5Eˆa(k+l−2)
a(k)bl−1 Ba(l−2)bk−1 + a6Eˆa(k+l−1)Ca(k)l−1 a(l−1)k
+ a7Eˆa(k+l−1)ωa(k)l Ba(l−1)k−1 + a8Eˆa(k+l−2)Ca(k−1)bl−1 ha(l−1)bk−1 (30)
and corresponding corrections to the gauge transformations:
δ1
a(k+1)
l = α1eaebηa(k)bl−2 + α5eaηa(k)l−1
δ1R
a(l)
k = α2eaξa(l−1)k−1 + α6eaebξa(l−1)bk−2
δ1

a(k+1)
l−1 = α3ηa(k+1)l−1 + α9eaηa(k)l−2
δ1
a(l−1)
k = α4ebξa(l−1)bk−1 + α10eaebξa(l−2)bk−2
δ1ω
a(k)
l = α7ebηa(k)bl−1 + α13eaebηa(k−1)bl−2 (31)
δ1h
a(l)
k−1 = α8ξa(l)k−1 + α14eaξa(l−1)k−2
δ1C
a(k)
l−1 = α11ebηa(k)bl−2 + α15ηa(k)l−1
δ1B
a(l−1)
k−1 = α12ξa(l−1)k−1 + α16ebξa(l−1)bk−2
Requirement that all the variations with one derivative δ0L1 + δ1L0 = 0 cancel gives the same 
expressions for α1 . . . α8 as before and
α9 = −α10 = − (−1)
la6
(k + 1)(d − k − l + 1) , α11 = (−1)
k−la6, α12 = a6
α13 = α14 = (−1)
k−la7
l(d − k − l + 1) , α15 = (−1)
la7, α16 = −(−1)ka7
a2 = (−1)l(k + 1)a1, a3 = (−1)l la4, a5 = −(−1)l(l − 1)a6, a8 = (−1)lka7 (32)
In this case also there are no any possible terms quadratic in physical fields that can be added to 
the Lagrangian. Nonetheless, all the remaining variations vanish provided we put:
a6
2 = (d − k − l + 1)
(d − k − l) a4
2, a7
2 = (d − k − l + 1)
(d − k − l) a1
2 (33)
(k + 1)a12 − la42 = l(k + 1)(d − k − l)κ (34)
Thus all the coefficients for the terms in L1 gluing our four massless fields together are de-
termined by the two main ones a1 and a4 (as schematically shown on Fig. 1) that satisfy the 
relation (34). From the relation (34) it follows that in the de Sitter space (κ > 0) we can take 
a limit a4 → 0. In this case the whole system decomposes in two independent subsystems (see 
Fig. 2) both of them corresponding to partially massless case considered in Section 3.
From the other side, in the anti de Sitter space (κ < 0) we can take a limit a1 → 0 where our 
system also decomposes into two independent subsystems (see Fig. 3), each of them correspond-
ing to the partially massless case considered in Section 2.
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Fig. 2. Partially massless limit in de Sitter space.
Fig. 3. Partially massless limit in anti de Sitter space.
4.2. Partial gauge fixing
In this case there exist as many as eight gauge invariant curvatures:
Ra(k+1)l+1 = Da(k+1)l − α1eaeb
a(k)bl−1 + α5eaωa(k)l
T a(l)k+1 = DRa(l)k + (−1)k−lEb(k−l+1)a(l)b(k−l+1)l + α2eaa(l−1)k − α6eaebha(l−1)bk−1
Ra(k+1)l = D
a(k+1)l−1 − α3a(k+1)l + α9eaCa(k)l−1
T a(l−1)k+1 = Da(l−1)k − (−1)k−lEb(k−l+2)
a(l−1)b(k−l+2)l−1 + α4ebRa(l−1)bk
− α10eaebBa(l−2)bk−1
Ra(k)l+1 = Dωa(k)l + α7eba(k)bl − α13eaebCa(k−1)bl−1 (35)
T a(l)k = Dha(l)k−1 − (−1)k−lEb(k−l)ωa(l)b(k−l)l − α8Ra(l)k + α14eaBa(l−1)k−1
Ra(k)l = DCa(k)l−1 + α11eb
a(k)bl−1 − α15ωa(k)l
T a(l−1) = DBa(l−1) + (−1)k−lEb(k−l+1)Ca(l−1)b(k−l+1) − α12a(l−1) + α16ebha(l−1)bk k−1 l−1 k k−1
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can construct nine invariants quadratic in curvatures as well as four identities that these invariants 
satisfy. So as in the Section 2 we proceed with partial gauge fixing. Namely, we use ξa(l)k−1 and 
ξ
a(l−1)
k−1 transformations to set h
a(l)
k−1 = 0 and Ba(l−1)k−1 = 0. Then we solve the on-shell constraints 
T a(l)l ≈ 0 and T a(l−1)k ≈ 0 and get:
R
a(l)
k =
(−1)k−l
a4
Eb(k−l)ωa(l)b(k−l)l

a(l−1)
k =
(−1)k−l
a6
Eb(k−l+1)Ca(l−1)b(k−l+1)l−1
Taking into account that the fields ω and C will now play the roles of physical (and not the 
auxiliary) ones, we make appropriate re-scaling:
ω
a(k)
l ⇒ (−1)k−la4ωa(k)l , Ca(k)l−1 ⇒ (−1)k−la6Ca(k)l−1
These leaves with the set of four fields with the Lagrangian:
L= (−1)
k−l (l + 1)
2
Eˆa(2l)
a(l)
l b(k−l+1)
a(l)b(k−l+1)
l + Eˆa(2l+1)a(l+1)l b(k−l)Dωa(l)b(k−l)l
+ (−1)
k−l l(l + 1)
2
Eˆa(2l−2)
a(l−1)l−1 k−l+2)

a(l−1)b(k−l+2)
l−1
+ (l + 1)Eˆa(2l−1)
a(l)l−1b(k−l+1)DCa(l−1)b(k−l+1)l−1
+ (l + 1)a1Eˆa(2l−1)[a(l)l b(k−l+1)Ca(l−1)b(k−l+1)l−1
+ (−1)k
a(l)l−1b(k−l+1)ωa(l1)b(k−l+1)l ]
+ (−1)
k−l (l + 1)
2(k + 1) [a4
2Eˆa(2l)ω
a(l)
l b(k−l)ω
a(l)b(k−l)
l
+ la62Eˆa(2l−2)Ca(l−1)l−1 b(k−l+1)Ca(l−1)b(k−l+1)l−1 ]
which is still invariant under the remaining gauge transformations:
δ
a(k+1)
l = Dηa(k+1)l−1 + α1eaebηa(k)bl−2 + α˜5eaηa(k)l−1
δω
a(k)
l = Dηa(k)l−1 + ebηa(k)bl−1 − α1eaebηa(k−1)bl−2
δ

a(k+1)
l−1 = Dηa(k+1)l−2 + α3ηa(k+1)l−1 + α˜5eaηa(k)l−2 (36)
δC
a(k)
l−1 = Dηa(k)l−2 + ebηa(k)bl−2 + α3ηa(k)l−1
where
α˜5 = − (−1)
ka42
(k + 1)(d − k − l)
and the new set of curvatures
Ra(k+1)l+1 = Da(k+1)l − α1eaeb
a(k)bl−1 + α˜5eaωa(k)l
T a(k)l+1 = Dωa(k)l + eba(k)bl + α1eaebCa(k−1)bl−1
Ra(k+1)l = D
a(k+1)l−1 − α3a(k+1)l + α˜5eaCa(k)l−1 (37)
T a(k) = DCa(k) + eb
a(k)b − α3ωa(k)l l−1 l−1 l
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quadratic in them as well as four identities they satisfy. The simplest example we managed to 
find looks like:
L= c1Eˆa(2l+2)T a(l+1)b(k−l−1)l+1 T a(l+1)b(k−l−1)l+1 + c2Eˆa(2l)T a(l)b(k−l)l T a(l)b(k−l)l (38)
where
c1 = (−1)
k−l
2(l + 1) , c2 =
(−1)k−l (l + 1)
2l
5. Special case Y(k, k)
In this section we consider massive version for the special case Y(k, k). Similarly to the ex-
ample Y(2, 2) considered previously [20] we will need three massless fields Y(k, k), Y(k, k − 1)
and Y(k − 1, k − 1) only.
5.1. Lagrangian and gauge transformations
We introduce three pairs of physical and auxiliary fields: (Rkk, kk+1), (kk−1, 
k−1k+1), 
(hk−1k−1, ωk−1k) and begin with the sum of their kinetic terms:
L0 = L0(k+1k ,Rkk ) +L0(
k+1k−1,k−1k ) +L0(ωkk−1, hk−1k−1) (39)
as well as their initial gauge transformations:
δ0
a(k+1)
k = Dηa(k+1)k−1 , δ0Ra(k)k = Dξa(k)k−1 + ebηa(k)bk−1
δ0

a(k+1)
k−1 = Dηa(k+1)k−2 , δ0a(k−1)k = Dξa(k−1)k−1 + ebecηa(k−1)bck−2 (40)
δ0ω
a(k)
k−1 = Dηa(k)k−2, δ0ha(k−1)k−1 = Dξa(k−1)k−2 + ebηa(k−1)bk−2
Now we add all possible terms with one derivative:
L1 = a1Eˆa(2k)a(k+1)k a(k−1)k + a2Eˆa(2k−1)
a(k)k−1bRa(k−1)bk
+ a3Eˆa(2k−2)
a(k)k−1bha(k−2)bk−1 + a4Eˆa(2k−1)ωa(k)k−1a(k−1)k (41)
and corresponding corrections to the gauge transformations:
δ1
a(k+1)
k = α1eaebηa(k)bk−2 , δ1Ra(k)k = α2eaξa(k−1)k−1
δ0

a(k+1)
k−1 = α3ηa(k+1)k−1 + α4eaηa(k)k−2
δ1
a(k−1)
k = α5ebξa(k−1)bk−1 + α6eaebξa(k−2)bk−2 (42)
δ1ω
a(k)
k−1 = α7ebηa(k)bk−2 , δ1ha(k−1)k−1 = α8ξa(k−1)k−1
First of all we calculate all variations with one derivative. We found that all of them vanish 
provided we set
α1 = α2 = a1
k(d − 2k) , α3 = α5 = −(−1)
ka1
α4 = −α6 = (−1)
ka4
(k + 1)(d − 2k + 1) , α7 = α8 = −a4
a2 = (−1)k(k + 1)a1, a3 = −(−1)k(k − 1)a4 (43)
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Fig. 5. Partially massless limit in de Sitter space.
But in this case it is not possible to cancel the remaining variations just by adjusting the two 
main parameters a1 and a4. Happily, we have two physical fields Ra(k)k and h
a(k−1)
k−1 with equal 
numbers of world and local indices, so we proceed and introduce terms without derivatives:
L2 = b1Eˆa(2k)Ra(k)k Ra(k)k + b2Eˆa(2k−1)Ra(k)k ha(k−1)k−1 + b3Eˆa(2k−2)ha(k−1)k−1 ha(k−1)k−1 (44)
and corresponding corrections to the gauge transformations:
δ2
a(k+1)
k = β1eaξa(k)k−1 + β2eaeaξa(k−1)k−2
δ2ω
a(k)
k−1 = β3ξa(k)k−1 + β4eaξa(k−1)k−2 (45)
For this corrections to be consistent with L2 we have to put:
β1 = (−1)
k2b1
(k + 1)(d − 2k) , β2 = −
(−1)kb2
k(k + 1)(d − 2k)(d − 2k + 1)
β3 = −(−1)kb2, β4 = (−1)
k2b3
k(d − 2k + 2)
Now we require that all variations vanish and obtain:
2kb1 = −(k + 1)a12 + k(k + 1)(d − 2k)κ, b2 = −a1a4
2b3 = − k(d − 2k + 2)
(k + 1)(d − 2k + 1)a4
2 − k(d − 2k + 2)κ (46)
(k + 1)(d − 2k + 1)a12 − k(d − 2k)a42 = k(k + 1)(d − 2k)(d − 2k + 1)κ (47)
Thus all the coefficients that determine the mixing our three massless fields together are de-
termined by the two main ones a1 and a4 (see Fig. 4) that in turn satisfy the relation (47).
The relation (47) shows that in the de Sitter space (κ > 0) we can take a limit a4 → 0. In this 
limit our system decomposes into two independent subsystems (see Fig. 5) where the first one 
corresponds to the partially massless case considered in Section 3.
From the other hand, in the anti de Sitter space (κ < 0) we can take a limit a1 → 0. Then the 
whole system also decomposes into two independent subsystems (see Fig. 6) where the first one 
is just the massless Y(k, k) field as in Section 1, while the second one corresponds to partially 
massless case considered in Section 2.
5.2. Curvatures and partial gauge fixing
This time we have six gauge invariant curvatures:
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Ra(k+1)k+1 = Da(k+1)k − α1eaeb
a(k)bk−1 + β1eaRa(k)k − β2ea(2)ha(k−1)k−1
T a(k)k+1 = DRa(k)k + eba(k)bk + α2eaa(k−1)k
Ra(k+1)k = D
a(k+1)k−1 − α3a(k+1)k + α4eaωa(k)k−1
T a(k−1)k+1 = Da(k−1)k − Eb(2)
a(k−1)b(2)k−1 + α5ebRa(k−1)bk − α6eaebha(k−1)bk−1
Ra(k)k = Dωa(k)k−1 + α7eb
a(k)bk−1 − β3Ra(k)k + β4eaha(k−1)k−1
T a(k−1)k = Dha(k−1)k−1 + ebωa(k−1)bk−1 − α8a(k−1)k
Again to simplify further investigations we proceed with the partial gauge fixing. Namely, we use 
ξ
a(k−1)
k−1 gauge transformations to fix ha(k−1) = 0. Then solving the on-shell constraint T a(k−1)k =
0 we obtain:
a(k−1) = − 1
a4
ebω
a(k−1)b
Again we make the appropriate re-scaling
ωa(k) ⇒ a4ωa(k)
Then for the remaining four fields we obtain the following Lagrangian:
L= − (k + 1)
2
Eˆa(2k)
a(k)
k b
a(k)b
k − Eˆa(2k+1)a(k+1)k DRa(k)k
− k(k + 1)
2
Eˆa(2k−2)
a(k−1)k−1 b(2)

a(k−1)b(2)
k−1 − (k + 1)Eˆa(2k−1)
a(k)k−1bDωa(k−1)bk−1
+ (k + 1)a1Eˆa(2k−1)[−a(k)k bωa(k−1)bk−1 + (−1)k
a(k)k−1bRa(k−1)bk ]
+ b1Eˆa(2k)Ra(k)k Ra(k)k +
k(d − 2k + 1)b1
(d − 2k) Eˆa(2k−2)ω
a(k−1)
k−1 bω
a(k−1)b
k−1 (48)
which is still invariant under the following gauge transformations:
δ
a(k+1)
k = Dηa(k+1)k−1 + α1eaebηa(k)bk−2 + β1eaξa(k)k−1
δR
a(k)
k = Dξa(k)k−1 + ebηa(k)bk−1 + α1eaebηa(k−1)bk−2
δ

a(k+1)
k−1 = Dηa(k+1)k−2 − (−1)ka1ηa(k+1)k−1 − β1eaηa(k)k−2 (49)
δω
a(k)
k−1 = Dηa(k)k−2 − ebηa(k)bk−2 + (−1)ka1ξa(k)k−1
Also we can construct a set of the new gauge invariant curvatures:
Ra(k+1)k+1 = Da(k+1)k − α1eaeb
a(k)bk−1 + β1eaRa(k)k
T a(k)k+1 = DRa(k)k + eba(k)bk − α1eaebωa(k−1)bk−1
Ra(k+1)k = D
a(k+1)k−1 + (−1)ka1a(k+1)k − β1eaωa(k)k−1 (50)
T a(k) = Dωa(k) − eb
a(k)b − (−1)ka1Ra(k)k k−1 k−1 k
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variants quadratic in them as well as two identities these invariants satisfy. The simplest solution 
we managed to find is:
L= c1Eˆa(2k+2)Ra(k+1)k+1 Ra(k+1)k+1 + c2Eˆa(2k)Ra(k)k bRa(k)bk (51)
where
c1 = (d − 2k)4(d − 2k − 1)b1 , c2 =
(k + 1)2
4kb1
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Appendix A. Partially massless case in anti de Sitter space
Non-invariance due to non-commutativity of AdS covariant derivatives:
δ0L0 = −l(k + 1)(d − k − l)κEˆa(k+l−1)ηa(k)bl−1 Ra(l−1)k b
− (−1)l l(k + 1)(d − k − l)κEˆa(k+l−1)a(k)l bξa(l−1)bk−1
− lk(d − k − l + 1)κEˆa(k+l−2)ηa(k−1)bl−1 ha(l−1)k−1 b
− (−1)l lk(d − k − l + 1)κEˆa(k+l−2)ωa(k−1)l bξa(l−1)bk−2
Requirement the δ1L0 + δ0L1 = 0 gives
α5 = −α6 = − a3
l(k + 1)(d − k − l) , α7 = (−1)
k−la4, α8 = −a4, a3 = (−1)l la4
Contributions from δ1L1
δ1L1 = −(−1)k−l la4α7Eˆa(k+l−1)ηa(k)bl−1 Ra(l−1)k b
+ a3α8Eˆa(k+l−1)a(k)l bξa(l−1)bk−1
+ k(d − k − l + 1)a3α5Eˆa(k+l−2)ηa(k−1)bl−1 ha(l−1)k−1 b
− lk(d − k − l + 1)a4α6Eˆa(k+l−2)ωa(k−1)l bξa(l−1)bk−2
Requirement δ1L1 + δ0L0 = 0 gives
a4
2 = −(k + 1)(d − k − l)κ
Appendix B. Partially massless case in de Sitter space
Non-invariance due to non-commutativity of AdS covariant derivatives:
δ0L0 = −l(k + 1)(d − k − l)κEˆa(k+l−1)ηa(k)bl−1 Ra(l−1)k b
+ (l − 1)(k + 1)(d − k − l + 1)κEˆa(k+l−2)ηa(k)bl−2 a(l−2)k b
− (−1)l l(k + 1)(d − k − l)κEˆa(k+l−1)a(k)l bξa(l−1)bk−1
− (−1)l(l − 1)(k + 1)(d − k − l + 1)κEˆa(k+l−2)
a(k)bξa(l−2)bl−1 k−2
316 Yu.M. Zinoviev / Nuclear Physics B 913 (2016) 301–317where L0 given by (20) and δ0 by (21). Requirement that δ1L0 + δ0L1 = 0 gives
α1 = α2 = − (−1)
k−la1
l(d − k − l) , α3 = (−1)
la1, α4 = (−1)ka1, a2 = (−1)l(k + 1)a1
Contributions from δ1L1:
δ1L1 = a2α3Eˆa(k+l−1)ηa(k)bk−1 Ra(l−1)k b
+ (−1)k−l (l − 1)(k + 1)(d − k − l + 1)a1α1Eˆa(k+l−2)ηa(k)bl−2 a(l−2)k b
+ (−1)k−l (k + 1)a1α4Eˆa(k+l−1)a(k)l bξa(l−1)bk−1
− (−1)k−l (l − 1)(d − k − l + 1)a2α2Eˆa(k+l−2)
a(k)l−1 bξa(l−2)bk−1
Requirement δ0L0 + δ1L1 = 0 gives
a1
2 = l(d − k − l)κ
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